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Abstract Accurate cutting force prediction is essential to
precision machining operations as cutting force is a process
variable that directly relates to machining quality and effi-
ciency. This paper presents an improved mechanistic cutting
force model for multi-axis ball-end milling. Multi-axis ball-
end milling is mainly used for sculptured surface machining
where non-horizontal (upward and downward) and rotation-
al cutting tool motions are common. Unlike the existing
research studies, the present work attempts to explicitly
consider the effect of the 3D cutting motions of the ball-
end mill on the cutting forces. The main feature of the
present work is thus the proposed generalized concept of
characterizing the undeformed chip thickness for 3D cutter
movements. The proposed concept evaluates the undeformed
chip thickness of an engaged cutting element in the principal
normal direction of its 3D trochoidal trajectory. This concept
is unique and it leads to the first cutting force model that
specifically applies to non-horizontal and rotational cutting
tool motions. The resulting cutting force model has been
validated experimentally with extensive verification test cuts
consisting of horizontal, non-horizontal, and rotational cutting
motions of a ball-end mill.
Keywords Cutting force . Ball-endmilling .Non-horizontal
cuttingmotion .Rotational cuttingmotion .Undeformedchip
thickness
1 Introduction
Mechanical parts with complex sculptured surfaces are
widely employed and produced in practice such as dies
and molds in the automotive industry and compressor and
turbine blades in the aerospace industry. The ball-end mill-
ing process is one of the most common machining processes
to produce these complex surfaces. Product quality and
productivity are two primary concerns in manufacturing. It
is important to select optimal cutting parameters according
to a physics-based method in order to ensure machined
surface quality and to reduce or even eliminate the ineffi-
ciency involved in the traditional trial-and-error practice.
Cutting forces acting on a ball-end mill is a significant
physical variable as they encapsulate critical cutting infor-
mation. Reliable prediction of cutting forces is thus crucial
in selecting the optimal cutting parameters that would result
in high efficiency and maintain the required part quality.
Accurate cutting force predictions from a cutting force
model for a given machining process depend on the reliability
of the model input and derived parameters. The undeformed
chip thickness is one such parameter. A detailed analysis of
the undeformed chip geometry along a cutting edge was first
provided by Martellotti [1]. He showed that the true trajectory
of a milling tooth is a trochoidal curve; however, if the cutting
speed is much larger than the feed rate, a circular trajectory
can be used as a valid approximation. With this approxima-
tion, the undeformed chip thickness has been formulated with
ease and expressed by many researchers as the radial distance
between two consecutive circular tooth trajectories. For mech-
anistic cutting force modeling, this concept of undeformed
chip thickness was first adopted for end milling by Kline et al.
[2]. This pioneering work was later extended to incorporate
cutter runout and cutting system flexibility in the determina-
tion of chip thickness [3, 4]. To further improve cutting force
prediction accuracy, continued studies on the undeformed
chip thickness determination in milling have been carried
A. Azeem (*)
Department of Industrial and Production Engineering,




Department of Mechanical Engineering,
The University of British Columbia,
Vancouver, BC, Canada V6T 1Z4
Int J Adv Manuf Technol (2013) 67:1833–1845
DOI 10.1007/s00170-012-4612-3
out by employing the true trochoidal cutting trajectory in
horizontal linear tool motions [5, 6] as well as in horizontal
circular tool motions [7]. In the context of reliable calibra-
tion of the associated empirical cutting force coefficients,
other proven concepts for characterizing the undeformed
chip thickness were introduced, including the average
chip–tool contact length on the rake faces of a cutting edge
[8] and derivations using experimentally established orthog-
onal cutting databases [9].
The studies referenced earlier all focused on flat-end
milling tools moving on a horizontal plane. The geometry
of a ball-end mill is notably complex compared with that of
a flat-end mill. Cutting edges on the cylindrical part of a
ball-end mill are deemed geometrically the same as those of
a flat-end mill, whereas on the ball part they change contin-
uously along the cutter axis. This leads to discrepancies, in
particular, in the direction of defining and determining the
undeformed chip thicknesses for the ball-end mill cutting
elements. Yang and Park [10] were the first to introduce a
cutting force model for ball-end milling. The undeformed
chip thickness was determined in the cutter surface normal
direction. This direction was later adopted by several other
researchers [11–15]. In contrast, Feng and Menq [16] for-
mulated their mechanistic cutting force model for ball-end
milling by defining the undeformed chip thickness as the
radial distance between two consecutive cutting edge
trajectories in the horizontal direction. This horizontal
undeformed chip thickness determination direction was
also employed in various studies on ball-end milling force
modeling [17–19].
It should be emphasized here again that the primary
application of ball-end milling is in the finish machining
of sculptured surfaces. Sculptured surface machining is geo-
metrically very complex and involves many process varia-
bles [20]. A reliable cutting force model is essential to the
associated process planning tasks such as determining the
milling tool path that minimizes tool deflections [21]. Not-
withstanding the good number of published papers on ball-
end milling force modeling, the complexity attributed to the
sculptured surface geometry has not been well examined.
Specifically, studies that modeled the ball-end milling forces
for inclined (or non-horizontal) feed motions [22] or with
explicit consideration of the sculptured surface curvature
[23] were reported only recently. It is believed that the
present work introduces the first ball-end milling force
model that applies to multi-axis non-horizontal and rotation-
al cutting tool motions.
2 Undeformed chip thickness determination direction
The two existing directions to determine the undeformed
chip thickness for horizontal ball-end milling are illustrated
in Fig. 1. A geometric relationship can be easily observed
between the undeformed chip thickness and chip width for
these two concepts through the undeformed chip area, the
product of the chip width with the chip thickness. For the
surface normal direction concept, the undeformed chip area
is b1t1, whereas for the horizontal direction concept it is b2t2.
The chip width b1 and thickness t1 can be shown, for a small
cutting edge element at an angular position γ with respect to
the cutter axis, to be related to b2 and t2 as:
b1 ¼ b2= sin g t1 ¼ t2 sin g ð1Þ
It is then clear that the undeformed chip area for the
surface normal direction concept is equivalent to that for
the horizontal direction concept:
b1t1 ¼ b2= sin gð Þ t2 sin gð Þ ¼ b2t2 ð2Þ
This indicates that, for the undeformed chip area, there is
no quantitative difference between the surface normal and
the horizontal direction concept. The chip area has some-
times been used as an individual term in formulating the
cutting forces when the size effect in metal cutting mechan-
ics is not explicitly considered. However, the size effect
does exist and is a very important factor in modeling cutting
forces under varying cutting conditions and should not be
ignored [24]. As a result, many existing cutting force mod-
els elected to specifically formulate the undeformed chip
thickness (instead of the chip area) in order to yield reliable
cutting force predictions.
The two undeformed chip thickness determination direc-
tions discussed above were originally defined for horizontal
cutting motions of the ball-end mill. Horizontal ball-end
milling only has very limited applications as ball-end mills
are often used in three- or multi-axis sculptured surface
machining, where non-horizontal and/or rotational cutting






Fig. 1 Existing undeformed chip thickness determination directions
for horizontal ball-end milling
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cuts, researchers have consistently applied one of the two
existing directions: cutter surface normal direction [25–28]
and horizontal direction [29–31]. Nonetheless, these two
directions, as originally proposed for horizontal cuts, may
not characterize non-horizontal and rotational cuts correct-
ly. Notably, Kim et al. [32] introduced a different concept
and proposed to use the cutter feed direction to determine
the undeformed chip thickness for non-horizontal cuts. As
for the much more complex rotational ball-end milling
cuts (due to the continuously changing cutter feed di-
rection), only the cutter surface normal direction has
been applied to the determination of the undeformed chip
thickness [33, 34].
In this work, instead of considering the undeformed
chip thickness individually for horizontal, non-horizontal,
and rotational cutting motions, a generalized concept to
determine the undeformed chip thickness is proposed to
address all these basic cutting motions in multi-axis ball-
end milling as a whole. Unlike the existing concepts, this
newly proposed concept determines the undeformed chip
thickness of a cutting edge element based on its individ-
ual cutting trajectory rather than the bulk movement of
the cutter. Relevant details are to be provided in the next
two sections.
3 Cutting element trajectory
The trajectory of a cutting edge element generated by amilling
cutter was first mathematically derived by Martellotti [1]. For
a given milling operation, the trajectory can be pro-
duced by an imaginary setup as shown in Fig. 2 where
the cutter rotates in the clockwise direction. The milling
cutter moves along the X axis as the imaginary pinion
rolls on the imaginary rack. Curve segments AN and
AN′ represent the typical trajectories generated by two
consecutive cutting edge elements. These two trajectories
establish the associated undeformed chip section. The
mathematical expression of the generated trajectory can be
expressed as:
X ¼ r sin θ rpθ ð3aÞ
Y ¼ r cos θ ð3bÞ
where r denotes the cutting radius, θ the angular position of
the cutting element with respect to the+Y direction, and rp the
imaginary pinion radius. The plus and minus signs in Eq. (3a)
correspond to the two types of peripheral milling: up milling
(feeding in the+X direction) and down milling (feeding
in the−X direction), respectively. The pinion radius rp can be
expressed in terms of f (feed per tooth) and n (number of
cutting edges of the cutter) as:
rp ¼ fn2p ð4Þ
For a given ball-end mill, a generalized mathematical ex-
pression for the trajectory of the cutting element at a point P
on the ith cutting edge at a distance z along the cutter axis
(which is the z axis of the local cutter coordinate system) from
the cutter tip (the z axis origin) can be formulated as:







5 ¼ F3 að ÞF1 i; z; θð Þ þ F2ðf Þ ð5Þ
where f is the linear feed (in mm/tooth) and α is the rotational
feed (in rad/tooth). The function F1 specifies the cutter
rotation about its axis which applies to all types of cutting
motion. F2 and F3 are, respectively, the linear and rotation-
al feed functions of the cutter movement. Based on Eq. (5),
the mathematical expressions for the cutting element trajec-
tories for horizontal, non-horizontal, and rotational cutting
motions are readily obtainable and summarized in the fol-
lowing subsections.
3.1 Horizontal cutting motion
For horizontal cutting motions, the three functions in the
generalized cutting element trajectory expression of Eq. (5)
for a cutting element at z0 can be written as:
F1 ¼
ri z0ð Þ sin θ












5 F3 ¼ I ð6Þ
where ri(z) is the actual cutting radius (considering cutter
runout) of a cutting element at z from the ball-end mill
tip. Equivalent to rp formulated in Eq. (4), fl is the linear
feed per angular rotation unit of the cutter. Since no














Fig. 2 Cutting element trajectory generation in peripheral milling
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3.2 Non-horizontal cutting motion
For non-horizontal cutting motions, the linear feed fl is first
decomposed into two components (a horizontal and a verti-
cal component), which are subsequently incorporated into
the linear feed function F2. The three functions in Eq. (5) for
a cutting element at z0 can then be expressed as:
F1 ¼
ri z0ð Þ sin θ












5 F3 ¼ I
ð7Þ
where ψ is the non-horizontal feed angle of the ball-end
mill. Like the horizontal cutting motions, F3 is also a unit
matrix as no rotational cutter movement is involved.
3.3 Rotational cutting motion
For rotational cutting motions, both the linear and rotational
feed functions F2 and F3 are different from those for the
horizontal and non-horizontal cutting motions. As no linear
cutter movement is involved, F200, whereas F3 is no longer
a unit matrix. The three functions in Eq. (5) for a cutting
element at z0 can now be expressed as:
F1 ¼
ri z0ð Þ sin θ





5 F2 ¼ 0 F3 ¼
cos frθð Þ 0 sin frθð Þ
0 1 0






where R is the rotational radius of the cutter tip with respect
to the rotational axis of the machine table (for a table-
rotating machine tool) and fr is the rotational feed per
angular rotation unit of the cutter, which is αn/2π. Typical
cutting element trajectories for the rotational as well as
horizontal and non-horizontal cutting motions are depicted
in Fig. 3.
4 Undeformed chip thickness determination
In this work, the undeformed chip thickness for a cutting
element is determined according to its cutting trajectory. A
generalized 3D evaluation procedure is proposed, which is
applicable to all cutting motions inmulti-axis ball-endmilling.
Suppose a cutting element P is moving along its cutting
trajectory TP(X, Y, Z). The undeformed chip thickness for P
at any instant is determined along the principal normal direc-
tion of TP at P. The principal normal direction is directed
towards the center of the osculating circle of TP at P, which
is the circle in the osculating plane at P that best approximates
TP (just like the tangent of TP at P is the line that best
approximates TP at P). More specifically, the center of the
osculating circle P0 is regarded as the instantaneous revolving
center of P as it moves along TP. P0 can be expressed as:
P0 ¼ P þ 1kP NP ð9Þ
where κP is the curvature of TP atP andNP is the unit vector of
the principal normal direction.
As the undeformed chip thickness for P is to be deter-
mined along NP or PP0 (the line connecting the cutting
element P and its instantaneous revolving center P0), it is
necessary to identify the intersection points of PP0 with the
machined surfaces generated by all the cutting edges in the
previous cutter rotation cycle (Fig. 4). Identification of all
the intersection points is needed in order to determine all the
undeformed chip thickness candidates [3, 4, 29, 35]. The
smallest-value candidate is the undeformed chip thickness
solution, which is taken as zero if negative. Calculating the
intersection points is quite complex for non-horizontal and
rotational cutting motions of a ball-end mill compared to
that for horizontal cutting motions. Relevant details are
given in the following subsections.
4.1 Horizontal cutting motion
For horizontal cutting motions, the trajectories of all the












Fig. 3 Cutting element trajectories: a horizontal, b non-horizontal, and
c rotational cutting motions
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plane (Fig. 3a). It is thus evident that the intersection
points of PP0 with the previously generated surfaces are
on the same plane as well. In other words, P, P0, and the
intersection points will have the same Z value. Hence,
only the trajectory expressions for the corresponding
cutting elements (of the same z0 height on the cutter)
are required to solve for the intersection points. From the
mathematical expressions of Eqs. (5) and (6), the only
unknown variable to be solved is the angular position θ
of each corresponding cutting element along its respec-
tive cutting trajectory for the corresponding intersection
point.
4.2 Non-horizontal cutting motion
Unlike horizontal cutting motions, the cutting element
trajectories for non-horizontal cutting motions of a ball-
end mill are not on the same plane (Fig. 3b). For a
cutting element P along its trajectory, its instantaneous
revolving center P0 now lies on a different Z plane. As
a result, the intersection points of PP0 with the previ-
ously generated surfaces will also be on different Z
planes. Also, the intersection points can no longer be
found on the trajectories of cutting elements at the
same z0 height on the cutter. This makes the solving
for the intersection points more complicated than that
for the horizontal cutting motions as both the cutting
element position z and θ need to be solved for each
cutting edge in the previous cutter rotation cycle using
Eqs. (5) and (7).
The solution is obtained numerically via a two-step iter-
ative process. The cutting element position z is first com-
puted based on the assumption of the same angular position
θ. The angular position θ for the intersection point is then
updated with the computed cutting element position z. The
solving process then goes back to update the cutting element
position z. This iterative process continues until the com-
puted values of both the cutting element position z and θ
stabilize numerically.
4.3 Rotational cutting motion
Like non-horizontal cutting motions, the cutting element
trajectories for rotational cutting motions of a ball-end mill
do not lie on the same plane (Fig. 3c). Since a cutting
element P and its instantaneous revolving center P0 are on
different Z planes for rotational cutting motions, the same
two-step iterative process employed for non-horizontal cut-
ting motions is also applicable here to solve for the two
unknown variables z and θ from the cutting trajectory
expressions of Eqs. (5) and (8). Nonetheless, the rotational
movement of the machine table coupled with the spindle/
cutter rotation results in a very complex and highly non-
linear problem to solve for the two variables. Common non-
linear solvers such as the Newton–Raphson method to com-
pute the cutting element position z often yields a local
solution instead of the desired global solution. This much
affects the accuracy of the undeformed chip thickness to be
determined.
To ensure solution accuracy, a solving process based
on incremental marching search has been devised for the
two unknown variables. By incrementally varying the
values of z and θ, a good number of point positions can
be obtained via Eqs. (5) and (8). Based on the fact that
the intersection points on the previously generated surfa-
ces would lie in between P and P0, the search domain for
z is set according to the z coordinates of these two points.
Moreover, as all the involved cutting element trajectories
are very close to the cutting trajectory of P (due to the
large cutting speed to feed rate ratio), the search domain
for θ is set according to the position of P along its
trajectory. Of all the searched positions on a previously
generated surface, the closest position to PP0 is taken as
the intersection point.
4.4 Undeformed chip thickness and width
For a given cutting motion, the intersection point on each
generated surface in the previous cutter rotation cycle is
readily identified using the procedure presented in “Sec-
tions 4.1–4.3”. The distance from the cutting element to
each intersection point represents an undeformed chip thick-
ness candidate. For a ball-end mill with n cutting edges, n
undeformed chip thickness candidates are obtained from the
n intersection points (for example, t1 and t2 in Fig. 4 for a
two-flute ball-end mill). As stated previously, the candidate
with the smallest value is the solution for the undeformed
chip thickness. The undeformed chip thickness is taken as
zero if the smallest value is negative. This indicates that the
cutting element is in fact not removing any material at this
instant, often due to the effect of cutter runout. It should be
noted, however, that for cutting elements close to the cutter


















Fig. 4 Geometry to determine the undeformed chip thickness
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not be any machined surfaces generated by the cutting edges
in the previous cutter rotation cycle for PP0 to intersect. In
this case, the segment length of PP0 is taken as the unde-
formed chip thickness for the cutting element P.
Once the undeformed chip thickness is determined for a
cutting element, the undeformed chip width needs to be
quantified as well in order to reliably calculate the cutting
forces acting on the cutting element. The undeformed chip
width is defined perpendicular to the undeformed chip
thickness. The reason is simply that the undeformed chip
area (which directly contributes to the material removal rate)
is the product of undeformed chip thickness and width. For
horizontal cutting motions, as the undeformed chip thick-
ness is defined horizontally, the size (thickness) of the
cutting element (disk) is the undeformed chip width. How-
ever, for non-horizontal and rotational cutting motions, the
chip thickness is not defined horizontally anymore; hence,
the cutting element size (cutting disk thickness) cannot be
used as the undeformed chip width directly. The direction to
determine the undeformed chip thickness instead needs to
be applied and incorporated in the calculation of the unde-
formed chip width.
4.5 Results and comparison
The undeformed chip thickness values for each of the three
basic cutting motions in multi-axis ball-end milling using
the proposed concept were calculated and compared with
those using the existing concepts. For horizontal cutting
motions, results from the proposed and existing concepts
were the same, as expected. However, for non-horizontal
and rotational cutting motions, the undeformed chip thick-
ness values from the proposed and existing concepts were
found to differ quite significantly.
Figure 5 illustrates a typical comparison of the unde-
formed chip thickness values determined using the pro-
posed concept against those using the existing concepts
(based on the horizontal or feed direction) for upward
and downward cutting motions. It can be seen that, due
to the non-planar cutting trajectories, the existing con-
cepts over-estimate the undeformed chip thicknesses for
upward cutting motions and under-estimate them for
downward cutting motions, in particular for cutting ele-
ments close to the cutter tip.
Feng and Menq [16, 29] attempted to determine the
undeformed chip thickness for non-horizontal cutting
motions of a ball-end mill by formulating and adding
the specific contribution of the vertical feed component
of the cutter to the undeformed chip thickness. This
results in the same undeformed chip thickness values as
those obtained using the proposed concept. Unfortunately,
this existing concept is not applicable to determining the
undeformed chip thickness for rotational cutting motions
because rotational feed acts much differently than linear
feed. It is thus necessary to develop a generic concept
that could be applied to determining the undeformed chip
thickness for all the three basic cutting motions in multi-
axis ball-end milling.
In rotational cutting motions, angular displacements of all
the cutting edge elements on a ball-end mill are the same.
However, the resulting linear displacements differ due to the
varying distance of each cutting element to the rotating
center of the machine table (for table-rotating machine
tools). This distance increases as the cutting element moves
away from the cutter tip. The varying linear displacements
for cutting elements along the cutter axis clearly much affect
the undeformed chip thickness calculation in rotational cut-
ting motions.
The calculated undeformed chip thickness values using
the proposed concept are compared against those using the
approximated horizontal concept (Fig. 6). By equating the
instantaneous linear feed rate at the cutter tip, the approxi-
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Fig. 5 Undeformed chip thickness values at θ060°: a 20° upward and
b 20° downward cutting motion (feed 0.043 mm/tooth, axial depth of
cut 6 mm, side step 6 mm)
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cutting motion as a 2D horizontal cutting motion with
linearly varying feed along the cutter axis. In Fig. 6, it can
be seen that the difference of undeformed chip thickness
values calculated using the proposed and the approximated
concept is in fact quite significant and, as expected,
increases with decreasing rotating arm length of the cutter
tip. A comparison of undeformed chip thickness values was
also made between the rotational and the regular horizontal
cutting motion with the same instantaneous linear feed rate
at the cutter tip (Fig. 7). It is shown that with decreasing
rotating arm length of the cutter tip, undeformed chip thick-
ness values for the rotational cutting motion move away
from those for the horizontal motion as expected.
5 Calibration of cutting force coefficients
The empirical chip–force relationship employed in the pres-
ent work is formulated as follows [35]:
dFT z; θ;yð Þ ¼ KTðzÞKT yð Þd z t θð Þ½ mT ð10aÞ
dFR z; θ;yð Þ ¼ KRðzÞKR yð Þd z t θð Þ½ mR ð10bÞ
where d FT(z, θ, y) and d FR(z, θ, y) are, respectively, the
differential tangential and radial cutting force component of
a cutting element, which is at a distance z from the cutter tip,
at an angular position θ, and at a feed angle y with respect to
the horizontal plane. The undeformed chip area for the
cutting element is represented by the chip width d z and
the undeformed chip thickness t(θ). KT(z) and KR(z) are the
cutting mechanics parameters for horizontal cutting motions,
and KT(y) and KR(y) quantify the effect of y on KT(z) and
KR(z). mT and mR explicitly characterize the size effect in
metal cutting.
5.1 Calibration approach
The empirical cutting force coefficients in Eqs. (10a) and
(10b) need to be calibrated for each cutter–workpiece
material pair in order to calculate the ball-end milling
forces. Various approaches for calibrating the cutting
force coefficients have been proposed in the literature,
such as: processing the instantaneous cutting forces rather
than the average cutting forces [36], analyzing the exper-
imental force data in the frequency domain [37], separat-
ing the cutting forces into nominal and perturbation
components [38], using force data generated from a finite
element model [39], and considering the negative effect
of cutter runout [40].
Cutting force coefficients obtained from horizontal cali-
bration cuts have been used to calculate cutting forces of a
ball-end mill with non-horizontal cutting motions by many
researchers. However, the cutting mechanics parameters
obtained from horizontal calibration cuts cannot accurately
characterize the non-horizontal cutting mechanics. Both the
undeformed chip geometry and the chip flow direction in a
non-horizontal cut are different from those in a horizontal
cut, which would have much impact on the resulting cutting
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Fig. 6 Undeformed chip thickness values at θ060° for rotational
cutting motions: a R030 mm, b R060 mm, and c R090 mm (feed at
cutter tip 0.337 mm/tooth, axial depth of cut 6 mm, side step 6 mm)
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cuts over a desired feed angle range are needed in addition
to horizontal calibration cuts. In order to keep the entire
calibration procedure simple and efficient, a work part of a
specific geometry has been proposed in the present work
such that a continuous half-slot cut around the part edges
can cover the intended feed angle range. As can been seen in
Fig. 8, the proposed work part contains four different
upward and downward feed-angle faces with an increment
of 10° with respect to the horizontal face, i.e., ±10° to ±40°.
5.2 Experimental setup
The continuous half-slot calibration cut was performed on a
Wahli-51 five-axis CNC horizontal machining center using
an Ingersoll 12-mm TiAlN-coated carbide ball-end mill with
a helix angle of 30°. The ball-end mill was held by the collet
of the tool holder, which was an integral part of the Kistler
9124A rotating cutting force dynamometer (Fig. 9a). The
ensemble unit of the dynamometer, tool holder, and ball-end
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Fig. 7 Undeformed chip thickness values at θ060° for rotational and
horizontal cutting motions: a R090 mm, b R0900 mm, and c R0
9,000 mm (feed at cutter tip 0.337 mm/tooth, axial depth of cut 6 mm,
side step 6 mm)
Cutter Feed
Direction
Fig. 8 Work part geometry for the efficient calibration of cutting force
coefficients
Fig. 9 Machining setup: a ensemble unit of dynamometer, tool holder,
and ball-end mill and b close-up view of ball-end mill and calibration
work part
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ball-end milling experiments and measure the cutting forces.
The calibration work part, made of SAE 1018 cold rolled
steel, was securely fastened to the rotary machine table. A
close-up view of the ball-end mill and the calibration work
part is shown in Fig. 9b.
Machining was done without coolant, as recommended
by the tool manufacturer. A spindle speed of 948 rpm and a
feed rate of 101.6 mm/min (0.054 mm/tooth) were chosen
for the calibration cut. The Kistler 9124A rotating cutting
force dynamometer was used to measure the instantaneous
cutting forces in the cutter lateral (x and y) directions. The
measured voltage data were first transmitted to a Kistler
5221A stator, which was mounted on the spindle housing,
through a wireless connection. The measurement data were
then passed through a Kistler 5223A signal conditioner and
into a PC/LabVIEW-based data acquisition system. The data
acquisition system was devised to capture and store the
digitized cutting force data at a sampling rate of 23.7 kHz,
corresponding to 1,500 data points per cutter rotation cycle.
The overall cutting force measurement setup is depicted in
Fig. 10.
5.3 Calibration results
The cutting force coefficients of KT(z) and KR(z) (cutting
mechanics parameters for the horizontal cut) and mT and mR
(size effect parameters) were first determined using the
measured instantaneous cutting forces from the horizontal
calibration cut [36]. These parameters are then employed to
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Fig. 12 a, b Predicted and measured cutting forces for the 20° upward
cutting motion (feed 0.054 mm/tooth, axial depth of cut 6 mm, side
step 3 mm)
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non-horizontal feed angles. The resulting variation of the com-
bined cutting mechanics parameters KT(z, y) and KR(z, y)
along the cutting edge and for the intended feed angle range
(±10° to ±40°) is shown in Fig. 11.
6 Experimental validation and discussion
The presented mechanistic cutting force model has been
validated experimentally by comparing the predicted cutting
forces with the measured ones. The measured cutting forces
were obtained from a set of non-transient horizontal, non-
horizontal, and rotational test cuts using the same ball-end
mill, work material, and experimental setup as those for the
calibration cut. By varying the feed rate and radial
depth of cut, a total of 33 verification cuts were per-
formed, covering all the three basic cutting motions. In
particular, non-horizontal feed angles ranging from ±10°
to ±40° (at 10° interval) as well as two cutter tip rotational
radii (R090 and 115 mm) for the rotational cutting motion
were employed and tested.
6.1 Non-horizontal cuts
As illustrated in “Section 4”, the proposed concept to deter-
mine the undeformed chip thickness can lead to significant-
ly different values than those determined by the existing
concepts for non-horizontal and rotational ball-end milling
cuts. For non-horizontal cuts, the predicted cutting forces for
two typical cases (test cut no. 10 with 20° upward cutting
motion and test cut no. 13 with 20° downward cutting
motion) based on the various undeformed chip thickness
determination concepts are compared against the measured
cutting forces. The comparison results are shown in Figs. 12
and 13, respectively. It can be seen that the proposed model
in this work produced the best match with the measured
cutting forces. For the upward cutting motion, models based
on the existing undeformed chip thickness determination
concepts over-estimate the cutting forces, whereas for the
downward cutting motion underestimated cutting forces are
observed. The primary reason for the overestimated and
underestimated cutting forces by the existing models for
non-horizontal cuts is discussed in the following section.
For horizontal cutting motions of a ball-end mill, an
engaged cutting element on the cutter and its corresponding
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Fig. 13 a, b Predicted and measured cutting forces for the 20° down-
ward cutting motion (feed 0.054 mm/tooth, axial depth of cut 6 mm,
side step 3 mm)
a
b
AB : Undeformed Chip Thickness in Feed Direction


















Fig. 14 Overestimation and underestimation of undeformed chip
thickness values for an existing concept: a upward and b downward
ball-end milling
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cutter rotation cycle all have the same z position with respect
to the cutter tip. However, for non-horizontal cutting
motions, this is not the case anymore. Depending on the
feed angle, the corresponding cutting element on a previ-
ously machined surface can be at a higher or lower z posi-
tion from the cutter tip than the current cutting element.
More specifically, for the upward ball-end milling case
depicted in Fig. 14a, cutting element A represents the cur-
rent cutting element, and cutting elements B and B′, respec-
tively, represent the corresponding cutting element on a
previously machined surface for the proposed undeformed
chip thickness determination concept and the existing
concept based on the feed direction. Cutting elements A
and B′ are at the same distance z1 from the cutter tip due
to the linear rigid-body motion of the cutter. However,
cutting element B, which is determined according to the
instantaneous revolving center of A, is at a distance z2 from
the cutter tip, and z2 > z1. It is then clear that the undeformed
chip thickness AB′ determined by the existing concept
would be larger than the undeformed chip thickness AB
determined by the proposed concept. As a result, the exist-
ing concept overestimates the cutting forces as shown in
Fig. 12. Similarly for the downward ball-end milling case
depicted in Fig. 14b, the undeformed chip thickness AB′ is
smaller than AB as z2 < z1; hence, the existing concept under-
estimates the actual cutting forces as shown in Fig. 13. A
quantified comparison of all the predicted cutting forces in
Figs. 12 and 13 is summarized in Table 1 using the root mean
square (RMS) of percentage deviations with respect to the
measured cutting forces. The comparison results clearly dem-
onstrate the superiority (29.2–65.9 % improvement) of the
presented cutting force model over the existing models for
non-horizontal cutting motions.
6.2 Rotational cuts
For the rotational cutting motion, Fig. 15 compares the
predicted cutting forces for a typical case (test cut no. 28
with cutter tip rotational radius R090 mm) based on two
different undeformed chip thickness determination concepts
against the measured cutting forces. Unlike horizontal and
non-horizontal cutting motions, the verification cuts for
rotational cutting motions were performed at a higher feed
rate in order to clearly illustrate the advantages of the
proposed model. As shown in Fig. 15, the predicted cutting
Table 1 RMS percentage
deviations for non-horizontal
cutting motions
Test no. Cutting force Proposed Feed direction Horizontal plane






10 Fx 7.83 13.11 40.3 11.06 29.2
Fy 2.49 3.84 35.2 3.60 30.8
13 Fx 3.33 9.41 64.6 9.73 65.9
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Fig. 15 a, b Predicted and measured cutting forces for the rotational
cutting motion (R090 mm, feed at cutter tip 0.337 mm/tooth, axial
depth of cut 6 mm, side step 3 mm)
Table 2 RMS percentage deviations for a rotational cutting motion







28 Fx 3.82 4.85 21.1
Fy 1.69 1.94 17.7
Int J Adv Manuf Technol (2013) 67:1833–1845 1843
forces from the proposed model show a better agree-
ment with the measured cutting forces than those from a
model based on the approximated horizontal concept
(described in “Section 4.3”) for undeformed chip thick-
ness determination. It is noted in the figure that the
approximated horizontal concept results in the underes-
timation of the actual cutting forces. The reason for the
cutting force underestimation is evident, which is due to
the underestimated undeformed chip thicknesses using
the approximated horizontal concept, as already illustrated
in Fig. 6. Table 2 shows the RMS percentage deviations of
the predicted cutting forces. Quantified improvements
(21.1 % for Fx and 17.7 % for Fy) of the proposed model
are observed.
Using the proposed model, the predicted cutting forces
for rotational cutting motions with different cutter tip
rotational radii are also compared with those for the
horizontal cutting motion. Figure 16 shows that the shape
of the cutting force profile from a rotational cut is quite
similar to that from the horizontal cut. This similarity can
be attributed to almost the same cutter–work engagement
area on the ball-end mill for the rotational and horizontal
cuts. Figure 16 also shows that for relatively small cutter
tip rotational radii, the difference between the cutting
forces for the rotational and horizontal cuts is fairly
significant. However, with increasing cutter tip rotational
radius, the cutting forces for the rotational cut approach
those for the horizontal cut. It is then clear that only for
a very large cutter tip rotational radius (very high R/r
ratio) can a rotational cut be reliably approximated as a
horizontal cut.
7 Conclusions
In multi-axis ball-end milling, horizontal, non-horizontal,
and rotational cutting motions of the cutter are common.
This paper has presented an improved mechanistic model
that can reliably predict the cutting forces for all of these
three basic cutting motions of a ball-end mill. The main
contributions of this paper are:
& A generalized concept for undeformed chip thickness
determination based on the 3D cutting element trajecto-
ries for the particular cutting motion
& A specific work part design to simplify the calibration
procedure of the involved cutting force coefficients
The horizontal, non-horizontal, and rotational cutting
motions of a ball-end mill are individually considered in
this work, yet the presented undeformed chip thickness
determination concept is generic and readily applicable to
any combination of these basic cutting motions. It can be
applied to other milling cutters in the same way. It should be
pointed out that reliable cutting force predictions, in partic-
ular for multi-axis complex sculptured surface machining,
require accurate identification of the instantaneous cutter–
work engagement area on the ball-end mill. Such research is
being pursued by researchers in order to develop a virtual
machining system to reliably simulate the cutting mechanics
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Fig. 16 Predicted cutting forces for rotational and horizontal cuts: a
R050 mm, b R0100 mm, and c R0500 mm (feed at cutter tip
0.337 mm/tooth, axial depth of cut 6 mm, side step 6 mm)
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